Abstract. Aim of the paper is to announce very recent results on the existence of Lagrange multipliers associated to the elastic-plastic torsion problem.
Introduction
The paper deals with the problem of existence of Lagrange multipliers associated to the elastic-plastic torsion problem.
According to von Mises [25] (see also [19, 22] ), the elastic-plastic torsion problem of a cylindrical bar with cross section Ω is to find a function ψ(x) which vanishes on the boundary ∂Ω and, together with its first derivatives, is continuous on Ω; nowhere on Ω the gradient of ψ must have an absolute value (modulus) less than or equal to a given positive constant τ; whenever in Ω the strict inequality holds, the function ψ must satisfy the differential equation ∆ψ = −2µθ, where the positive constants µ and θ denote the shearing modulus and the angle of twist per unit length respectively. It is not difficult to see that the elastic-plastic torsion is a free boundary value problem for the equation ∆ψ(x) = −2µθ (see [22] ).
In the planar case the existence and the properties of a smooth solution of the problem have been studied by ), formulating it as a variational minimum problem, and with different techniques by Lanchon [18] .
In the case of R n Brezis [5] considered the following variational inequality: Find u ∈ K ∇ such that
where Ω is an open, bounded subset of R n either convex or with boundary of class C 1,1 (see [12] , p.60 and [20] , p. 263), f ∈ L 2 (Ω) and
K ∇ is a bounded convex subset of H 1 0
(Ω) and then, variational inequality (1) admits a unique solution u ∈ K ∇ (cf. [21] [3] and Theorem 1.2 in [4] ). If n = 2 and f is constant on Ω this problem describes the elastic-plastic torsion problem of a cylindrical bar of cross section Ω. In [5] Brezis proved the existence of a Lagrange multiplier assuming f to be a positive constant and under further assumptions. More precisely he showed that if u is the solution of variational inequality (1), then there exists a unique µ ∈ L ∞ (Ω) such that:
Conversely, if u ∈ K ∇ and there exists µ satisfying (3), then it is easily proved that u is the solution of (1).
The region E = {x ∈ Ω : |grad u(x)| < 1} is called the elastic region and P = {x ∈ Ω : |grad u(x)| = 1} is called the plastic region. From conditions (3) it results that, if u ∈ E, then µ = 0 and −∆u = f , namely the solution of (1) solves the elastic-plastic torsion problem.
Recently in [10] , among other results, the authors improve the result by Brezis, proving the existence of Lagrange multipliers for the following variational inequality, more general than (1): Find u ∈ K ∇ such that:
where λ is a nonnegative constant. Moreover we mention the paper by Chiadó-Piat and Percivale [6] , which proved, under more general assumptions with respect to Brezis result, the existence of a Lagrange multiplier as a positive Radon measure.
Here we consider a variational inequality more general than (1)
with
For this more general problem we prove the existence of a Lagrange multiplier as a positive Radon measure (see the forthcoming paper [13] for more details). Note that variational inequality (5) cannot be reduced to a problem of minimum of a convex functional as considered in [6] . The assumptions in the two papers are different too. The existence of a Lagrange multiplier as a Radon measure is obtained applying the strong duality property in the classical sense. This is possible, since the interior of the ordering cone, which defines the sign constraints, is nonempty. In order to obtain a regularization of this result, namely to obtain the existence of a Lagrange multiplier for variational inequality (5) as a L ∞ function, it is necessary to consider the convex set
. But in this case the interior of the ordering cone, which defines the sign constraints, is empty, then it is not possible to apply the classical strong duality theory. It is necessary to apply a new strong duality principle introduced in [8] , that can be applied in many infinite dimensional settings. By means of this new theory in [10] the authors prove the existence of a L ∞ Lagrange multiplier for (5) assuming a constraint qualification condition (Assumption S), that is a necessary and sufficient condition in order that strong duality holds.
The paper is organized in the following way: in Section 2 we present, with a short proof, the result of existence of a Radon measure, which plays the role of a Lagrange multiplier for the elastic-plastic torsion problem. In Section 3 we resume the new strong duality theory introduced in [8] and the applications, contained in [10] , of this theory to the Lagrange multipliers associated to the elastic-plastic torsion problem and finally in Section 4 we provide the conclusions.
Lagrange multiplier as a positive Radon measure
If we content to obtain a Radon measure that plays the role of a Lagrange multiplier, it is possible to prove the existence of such a Lagrange multiplier associated to an elastic-plastic torsion problem related to a general elliptic operator of second order. In fact, let Ω ⊂ R
n be an open bounded domain, either convex or with C 1,1 boundary ∂Ω, and let us consider the linear elliptic operator
with associated bilinear form on H
where
Let us consider the variational inequality:
From the regularity results cited in Section 1 it follows that, if f ∈ L p (Ω), p > n, the solution u to (9) belongs to W 2,p (Ω) ∩ K. We can prove the following existence result of Lagrange multipliers for variational inequality (9).
Theorem 2.1. Under the above assumptions on
The theorem means that, if we consider the solution u to variational inequality (9), then conditions (10) are satisfied. From conditions (10) it follows that, if u belongs to the elastic region E, µ ≡ 0 and then u is a solution of the elliptic equation Lu = f , and, in particular, the solution of (9) solves the elastic-plastic torsion problem. Conversely it is easily proved that, if u ∈ K satisfies conditions (10), then u solves variational inequality (9) .
The proof is based on the following steps. First we rewrite variational inequality (9) as the minimum problem
Then, setting
e. in Ω} and in this case it is possible to prove that intC ∅ (see [13] for more details).
So we are in position to apply the following strong duality property in the classical sense and its relationship with the saddle points of the Lagrange functional (see [17] and [14] ). 
(v) ∈ −C} which is assumed to be nonempty. Let the ordering cone C have a nonempty interior int(C). If the primal problem
min ψ(v) (v) ∈ −C (13) v ∈ S
is solvable and the generalized Slater condition is satisfied, namely there is a vectorv ∈ S with (v) ∈ −int(C), then the dual problem
is also solvable and the extremal values of the two problems are equal.
Theorem 2.3. Under the same assumptions as above, suppose the ordering cone C to be closed. Then a point
(u, µ) ∈ S × C * is a saddle point of the Lagrange functional L(v, µ) = ψ(v) + µ( (v)), namely L(u, µ) ≤ L(u, µ) ≤ L(v, µ), ∀v ∈ S, ∀µ ∈ C * ,
if and only if u is a solution of the primal problem (13), µ is a solution of the dual problem (14) and the extremal values of the two problems are equal.
Applying Theorem 2.3 we obtain that, if u is a solution of (9), then of the primal problem (13), there exists µ ∈ C * solution of the dual problem (14) and conditions (10) are satisfied. Let us remind that
Moreover, (see [11] , [26] ), if µ ∈ (L ∞ (Ω)) * , µ can be expressed by a Radon's integral with respect to the finitely additive measure Ψ:
Ψ is finitely additive, has a bounded total variation and is absolutely continuous with respect to the Lebesgue measure, that is m(B) = 0 implies Ψ(B) = 0.
From this properties of µ and conditions (10) it is possible to prove that the solution of variational inequality (9) is also a solution of the elastic plastic torsion problem and vice versa.
New duality principles and application to elastic-plastic torsion problem
In order to obtain a Lagrange multiplier associated to problem (9) as a L ∞ function, it is necessary to consider
But in this case the ordering cone C = {w ∈ L 1 (Ω) : w(t) ≥ 0 a.e. in Ω} has an empty interior, then the classical strong duality theory cannot be applied.
It is necessary to use a very recent duality theory, obtained using new separation theorems based on the notion of quasi-relative interior. In this case it is possible to use this theory, since the quasi-relative interior of the ordering cone is nonempty.
To this aim first we present the problem formulation and recall the preliminary concepts and the results that we shall use in the sequel.
Given ψ : S → R, : S → Y, h : S → Z where S is a convex subset of a linear topological space X, Y is a real normed space ordered by a convex cone C, Z is a real normed space, we consider the optimization problem
where θ Z is the zero element in the space Z and its Lagrange dual problem is:
where Z * is the dual space of Z and C * = {µ ∈ Y * : ⟨µ, y⟩ ≥ 0, ∀y ∈ C} is the dual cone of C.
If y ∈ Cl M and M is convex we have T M (y) = Cl Cone (M − {y}), where Cone (M) = {λy : y ∈ M, λ ∈ R, λ ≥ 0} and Cl denotes the closure. For general information on the unforeseeable effectiveness of the tangent cone we refer also to [1] . We say that Assumption S is fulfilled at a point u ∈ K iff
Assumptions S has been first introduced in paper [8] . In this paper and in [7] a first strong duality theorem has been proved under redundant hypotheses. The sharp statement of the result is contained in [9] , [10] , [16] and it is the following. (15) . Then also Problem (16) is solvable and if µ ∈ C * , ν ∈ Z * are the optimal solutions to (16) , we have ⟨µ, (u)⟩ = 0 and the optimal values of the two problems coincide, namely
An important consequence of the strong duality is the usual relationship between a saddle point of the so called Lagrange functional L(v, µ, ν) = ψ(v) + ⟨µ, (v)⟩ + ⟨ν, h(v)⟩ and the solutions to (15) and (16).
Theorem 3.6. Let the assumptions of Theorem 3.5 be fulfilled. Then u ∈ K is an optimal solution to (15) if and only if there exist
and ⟨µ, (u)⟩ = 0.
Moreover it is worth mentioning that Bot, Csetnek, Moldovan (see [2] Corollary 3.1 and [15] ) proved that Assumption S is also a necessary condition in order that strong duality holds.
Now we can present as a consequence of this strong duality theory the following existence result of Lagrange multipliers associated to the elastic-plastic torsion problem. In [10] the authors provide a characterization in terms of Assumption S of the Lagrange multipliers associated to an elastic-plastic problem related to the elliptic operator of second order of type (6) with associated bilinear form (7) . In particular the following result holds.
in the sense of distributions (17) if and only if the solution u of (9) verifies Assumption S.
The theorem means that, if the solution of (9) verifies Assumption S, then conditions (17) are satisfied, that is the solution of (9) is a solution of the elastic-plastic torsion problem; vice versa if u ∈ W 2,p (Ω) verifies (17) , and, then, in particular, is a solution of the elastic-plastic torsion problem, then u solves (9) and verifies Assumption S.
The thesis is achieved rewriting the variational inequality (9) as the minimum problem
with the settings ψ(v) :
Assuming that Assumption S holds, from Theorem 3.5, it follows that there existsμ
Then the thesis is obtained using Theorem 3.6 and (20). Vice versa assuming that conditions (17) hold, it is possible to show that u verifies Assumption S and, finally, it is easy to verify that u is a solution to variational inequality (9) . Finally, following [10] , we can provide an explicit example where Assumption S is satisfied and for which f is not a constant.
Let Ω be B(0, 2R), namely the ball of R n centered at the origin and of radius 2R, R > 0. Setting P = Ω \ B(0, R), let us consider the function u ∈ H 
a.e. in Ω.
Moreover it results |∇u| ≤ 1 and χ P (x)(|∇u| 2 − 1) = 0 because |∇δ| = 1 in P, |∇w| = 1 on ∂B(0, R) and |∇w| < 1 in B(0, R), as we can obtain taking into account the proof of Theorem 4.1 in [10] . Then by means of Theorem 3.7 Assumption S is verified and the desired example is achieved.
Conclusions
From the analysis of these results it follows that the Lagrange multipliers associated to the elastic-plastic torsion problem always exist and, in general, they result as a Radon measure. It is possible to regularize this result, namely to obtain the existence of L ∞ Lagrange multiplers, but this is possible only if we assume a constraint qualification condition (Assumption S), that is a sufficient and necessary condition in order that strong duality holds.
